In this paper, we introduce a generalization of vertex transitivity in graphs called generalized vertex transitivity. We put forward a new invariant called transitivity number of a graph. The value of this invariant in different classes of graphs is explored. Also, different results showing the importance of this concept is established.
Introduction
Many complex phenomena and systems are modeled using graphs where the entities are represented by vertices and their relations by corresponding edges. A graph in which all vertices are equivalent is known as a vertex-transitive graph [3] . It is clearly evident that vertex-transitive graphs are also regular, but not vice versa. Studying the properties of a single vertex in such a graph gives insight into the properties of the complete vertex set.
The notions of vertex-transitive graphs and the theory of transitive permutations groups brought together two important notions in Mathematics namely Group Theory and Graph Theory. Each finite permutation group corresponds to vertex transitive graphs. Almost all vertex transitive graphs give rise to many transitive permutation groups of the automorphism group of a graph. In short, the theory of vertex-transitive graphs has developed in parallel with the theory of transitive permutation groups, see [14] . Also Praeger et.al, in [14] , explored the different ways in which these two theories have influenced each other.
Many important classes of graphs are not vertex transitive, but can be partitioned into subsets in which all vertices in the same partition are equivalent. This gives us the ability to concentrate on a smaller subset of the vertices in order to gain insights into the properties of the whole graph. Also this will lead to efficient computation of various graph invariants,as well as graph properties.
By a permutation, we mean a one-to-one and onto function from a set onto itself. We say that two graphs G and H are isomorphic, if there exists a bijection φ : G → H such that {u, v} ∈ E(G) if and only if {φ(u), φ(v)} ∈ E(H). If G = H, then these bijections are called permutations and the isomorphisms are known as automorphisms. In other words, an automorphism of a graph G is a permutation of the vertices, V (G), of G that preserves adjacency. For a formal definition of automorphism and automorphism group of G see [5] . A relation R on a non-empty set A is a subset of A × A. R is said to be reflexive if (a, a) ∈ R for all a ∈ A. We say that R is symmetric whenever (a, b) ∈ R =⇒ (b, a) ∈ R and R is said to be transitive if (a, b), (b, c) ∈ R =⇒ (a, c) ∈ R. R is said to be an equivalence relation if R satisfies the reflexive, symmetric and transitive properties. Every equivalence relation on a set A partitions the setA, and each partition is called an equivalence class. For a detailed study refer [6] .
A group (G, * ) is a non-empty set G, closed under a binary operation * , which satisfies associative property. Therefore, there exists an element e in G such that for all a ∈ G we have a * e = a = e * a, and for each element a ∈ G, there exists a unique element a ′ ∈ G such that a * a ′ = e = a ′ * a. For simplicity, we write ab instead of a * b. The set of all automorphisms on G denoted by Aut(G) is a group under the binary operation, ⊙, the composition of permutations.
A graph G is said to be vertex-transitive if every vertex in G can be mapped to any other vertex by some automorphism. That is, given any two vertices v 1 and v 2 of G, there is some automorphism φ :
In this case, we say that Aut(G) acts transitively on V (G) [5] . For an in-depth understanding of the properties of vertex-transitive graphs, see works by Sabidussi [15] , Babai [2] and Cameron [5] .
Many authors have attempted the construction of vertex-transitive graphs with a given order n. The very first attempt in this direction was by Yap [17] , in which he found all vertex-transitive graphs of order up to 11. Another attempt was by McKay in 1979 [11] and 1990 [12] , to find out graphs of order up to 19 and at most 26, respectively. Vertex-transitive graphs of order p, where p is a prime number, are graphs with a p-cycle in its automorphism groups [16] . Similarly, graphs of order which is a product of two primes attained special attention in studies like [10, 13, 18] .
One of the important class of vertex-transitive graphs which are widely studied in the century are the Cayley graphs which are the graphs constructed using finite groups. Some examples of Cayley graphs are Complete graphs and their complements, complete multi-partite graph K r(s) , and kdimensional cubes Q k . The prominence of the study of Cayley graphs owes to its immense applications in research of networks. In networks, the major agenda is to preserve connectivity even if some nodes or links are compromised. In such situations, vertex-transitive graphs, particularly Cayley graphs [1] play an important role. Cayley graphs are used extensively in modelling interconnection networks. See [4] , [7] , [9] . A very recent study [8] shows that symmetric properties of a graph are very relevant in the behaviour of interconnection networks.
In this paper, we investigate on the concept of generalized vertex transitivity in graphs and some important graph products. All graphs considered in this paper are connected, simple and undirected.
We formally define the relevant graph operations here. Let G and H be two graphs. Then their Cartesian product G H is the graph with vertex set
The strong product of graphs G and H, denoted by G ⊠ H, has vertex set V (G) × V (H), where two distinct vertices (x 1 , y 1 ) and (x 2 , y 2 ) are adjacent if,
• x 1 = x 2 and y 1 y 2 ∈ E(H), or
The corona product G♦H of two graphs G and H (where G has p vertices) is defined as the graph obtained by taking one copy of G and p copies of H, and joining the i th vertex of G to each and every vertex in the i th copy of H by an edge. The join of two graphs G and H is a graph formed from disjoint copies of G and H by connecting each vertex of G to each vertex of H.
2 Generalized vertex transitivity in graphs Definition 2.1. A vertex u in graph G is said to be interchangeable with vertex v in G if there is an automorphism σ of G such that σ(u) = v. We denote this by uΩv.
Theorem 2.2.
Interchangeability Ω is an equivalence relation on V .
Proof. In order to prove that a relation is an equivalence, we need to prove it is reflexive, symmetric and transitive.
Ω is reflexive Since every vertex u in G is mapped on to itself by the identity automorphism. Ω is symmetric If uΩv then there is an automorphism σ such that σ(u) = v. Now, the automorphism σ −1 has the property that σ −1 (v) = u.
Ω is transitive If uΩv and vΩw then there exists automorphisms σ 1 , σ 2 such that σ 1 (u) = v and σ 2 (v) = w. Now, the composite σ 2 • σ 1 maps u to w.
Since Ω is reflexive, symmetric and transitive; it is an equivalence relation.
Since Ω is an equivalence relation, we can say that two vertices u and v are interchangeable if uΩv. Also, Ω partitions the vertex set V (G) into a set of vertex classes; any two vertices in the same class are interchangeable. We denote this set by
Transitivity number of a graph G, r G , is the number of transitivity partitions in G. G is said to be r-transitive if its transitivity number is r.
Definition 2.4.
Transitive representation of a graph G, R G , is the set {v 1 , v 2 , . . . , v r } in which each v i ∈ V i where V i is a transitivity partition in G.
We denote the partition in which a vertex v belongs as R(v). Clearly, R(v) = Aut(G)(v). i.e. R(v) is the same as the set of all σ(v) where σ is some automorphism of G. Also, every vertex in R(v) has the same vertex properties like degree, eccentricity and vertex centralities.
Functions on vertex set
From above discussions, it is evident that the transitivity number of a graph is greater than or equal to the number of distinct elements in the degree sequence of the graph. Also, members of the same partition have same values for any function on V which is preserved under graph automorphism. This fact has vast implications as we show in the next few theorems. See the obvious lemma, Lemma 2.5.
Lemma 2.5. Let G be a graph. Then every automorphism of G maps the sets V i onto themselves.
Definition 2.6. Let f be a function on graph G with vertex set V ; f :
M is said to be preserved under automorphisms if for every automorphism σ , σ(f (V )) = f (σ(V )). Now we prove a more powerful lemma.
Lemma 2.7. Let f be a function on G, f : V * → 2 V − φ, which is preserved under automorphisms. Let V 1 , V 2 , . . . , V r be the partitions in G. Then f (V i ) is always the union of some V j s.
We need to prove that f (
Let V m = R(u l ), the partition containing u l as an element. By definition of interchangeability 2.1, we can say that :
The same holds true for all v i k (k ∈ (1, q) ). Therefore, without loss of generality, we can say that f (
Theorem 2.8. Let G be an r-transitive graph with vertex set V and partitions V 1 , V 2 , . . . , V r . Let f be a function defined on G, F : V * → 2 V − φ, which is preserved under automorphism. Then f (V ) is always the union of one or more V i .
Proof. Since V 1 , V 2 , . . . , V r are partitions of V (G), we can write f (V ) as f (V 1 ) f (V 2 ) . . . f (V r ). Now, by lemma 2.7, we know that f (V ) is a union of one or more V i . Thus proves the theorem. Theorem 2.8 holds for functions including consensus functions like center,betweenness center and median of a graph. Lemma 2.9. Let G be an r-transitive graph with vertex set V . Let f be a function defined on V , f : V → R, which is preserved under automorphism. Then the maximum number of distinct values in f (V ) is r.
Proof. Let V 1 , V 2 , . . . , V r be the partitions in G.
Since f is preserved under automorphism, we can say that σ(f (V i )) = f (V i ) where σ is an automorphism. Therefore there is only one unique value in f (V i ). Thus the maximum number of distinct values for f (V ) is r.
As an example, let us consider the total distance D of a vertex v in an r-transitive graph G with vertex set V . The following theorem is a direct implication of the lemma 2.9.
Theorem 2.10. Let G be an r-transitive graph with vertex set V . Let f be a function defined on V , f : V → R, which is preserved under automorphism.
Proof. Lemma 2.9 implies that there are maximum r distinct values for f (V ). Therefore, for every v i ∈ V, |{f (v i )}| ≤ r Next, we focus on the vertex properties which are invariant under automorphism.
Definition 2.11.
A vertex property P : V × 2 V → R is invariant under automorphisms if for every automorphism σ , P (σ(V )) = P (V ).
Examples are vertex degree δ(v), vertex eccentricity e(V ) = max
Lemma 2.12. Let G be an r-transitive graph with partitions V 1 , V 2 , . . . , V r . Let P be a vertex property of G invariant under Aut(G). Then
Proof. P is a vertex property of G. Therefore P is invariant under graph automorphisms. Let σ be an automorphism. Then, we can state that P (σ(x)) = P (x). So, for any two vertices u, v ∈ V i (i = 1, . . . , r), P (u) = P (v) = y. Therefore, P (V i ) = y. By lemma 2.9, we know that P (V ) ≤ r.
is a set where |y| ≤ r. Thus, {x|P (x) = y} is either a union of many partitions, V i , or an empty set.
Note that this lemma gives rise to the following theorem.
Theorem 2.13. Let G be an r-transitive graph and P be a vertex property of G invariant under Aut(G). Then there are at most r distinct values for P in G.
Proof. Lemma 2.12 implies that if P (x) = y, then {x} is either a union of partitions in G or an empty set. Therefore, we can say that there is at least a unique value for P (x) if x is a union of partitions V i . Since there are r partitions in G, there can be a maximum of r distinct values for P in G.
The power of generalized vertex transitivity can be utilized in inferring the behavior of graphs under expansions and contractions. In the next section, we consider the generalized vertex transitivity in Cartesian products.
Transitivity Number and Graph Operations
First, we observe the Cartesian product of paths.
Lemma 3.1. Let P m be a path of size m and P n be a path of size n such that m = n. Let r m and r n be their respective transitivity numbers. Then their Cartesian product is r m r n transitive.
Proof. Let G 1 = P m and G 2 = P n with partitions a 2 ) and (b 1 , b 2 ) be two vertices in G. Then (a 1 , a 2 ) and (b 1 , b 2 ) are interchangeable if either a 1 = b 1 and a 2 , b 2 ∈ V i where V i is a partition in Π 2 , or a 2 = b 2 and a 1 , b 1 ∈ U j where U j is a partition in Π 1 . Following this we can get the partition for G as
There are (r 1 × r 2 ) unique elements in Π. Therefore the transitivity number of G is r 1 × r 2 .
Lemma 3.2. Let P be a path of size n with transitivity number r. Then the transitivity number of the Cartesian product P P is
Proof. Let Π P = {U 1 , U 2 , . . . , U r } be the partitions of P . Then by we get the partitions for G = P P as
among which U i × U j is same as U j × U i for all i, j = 1, 2, . . . , r. Thus the number of unique elements in Π G is reduced to
. Therefore the transitivity number of G is
Next theorem is for Cartesian and strong product of Graphs Theorem 3.3 (Cartesian and strong product). Let G and H be two non isomorphic graphs with transitivity numbers m and n respectively. Then the transitivity number of G * H is m × n, where * ∈ { , ⊠}.
We have to prove there exists an automorphism τ on G * H such that τ ((x, y)) = (x ′ , y ′ ) and there does not exist an automorphism on G * H with image of any vertex of
′ ∈ U i and y, y ′ ∈ V j , then there exist automorphisms φ : G → G and ψ : H → H such that φ(x) = x ′ and ψ(y) = y ′ . Define η : G * H → G * H as η((x, y)) = (φ(x), ψ(y)). We can see that τ is a bijection. Also these τ partitions G * H into Π 1 × Π 2 . It is enough to prove τ is a graph isomorphism. If (x, y), (x ′ , y ′ ) are adjacent, then either x = x ′ , {y, y ′ } ∈ E(H) or {x, x ′ } ∈ E(G), y = y ′ . Let us assume x = x ′ . Then we can choose φ = e, the identity mapping from G to G. Since {y, y ′ } is an edge, and since ψ is an isomorphism, we can see that {ψ(y), ψ(y ′ )} is an edge, that is (x, ψ(y)), (x ′ , ψ(y ′ )) is an edge. Hence τ preserves the isomorphism. Clearly these kinds of τ does not map a vertex from
Suppose there is an automorphism τ :
Without loss of generality, we can assume that i = p. Let us define φ 1 : G → G as follows. For a fixed y ∈ H, define
where p G is the usual projection. Since y is fixed, we can see that φ 1 is one -one and onto. Also we can see that φ 1 is edge preserving. That means φ 1 is an automorphism, mapping U i to U p , which is a contradiction that U i and U p are different partitions in G/Aut(G).
But, in this case, the projection of τ on the factor G, is an automorphism which maps some element from U i to some element in U p . But this leads to a contradiction that U i and U p are different partitions of G/Aut(G).
So we can conclude that G * H/Aut(G * H) = Π 1 ×Π 2 . Hence the transitive number of G * H is m × n.
We have an immediate corollary for the theorem 3.3 , where * ∈ { , ⊠}.
Theorem 3.5. Let G 1 and G 2 be two path graphs of size m and n respectively. Let r m and r n be their respective transitivity numbers. Then the transitivity number of their Cartesian product G = G 1 G 2 is r ≤ r m × r n .
Proof. Proof follows from lemma 3.1 and lemma 3.2.
Concluding Remarks
In this paper, we formalize the notion of generalized vertex transitivity in graphs. We also introduce the graph invariant known as transitivity number r. Knowing the transitivity number of a graph can aid in efficient graph computations. Once we know that a graph G is r transitive with partitions (V 1 , . . . , V r ) then we can devise fast algorithms for computing various properties of G. This is because, now we need not evaluate all the vertices in G, but only r vertices representing each partition.
